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Figure 7: Average execution times per SIMD Steepest-Edge
Simplex iteration w.number of columns in tableau X, with
64, 256, 512, 1024, 2048, 3072, and 4096 rows, on MP1
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Figure 8: Average execution times per SIMD Steepest-Edge
Simplex iteration versus number of columns in tableau X,
with 256, 512, 1024, 2048, 3072, 4096, and 5120 rows, on

MP2

memory per PE. We experimented with LP problem sizes of
64, 256, 512, 1024, 2048, 3072, and 4096 rows. The average
execution time of each parallel simplex iteration is plotted
in Fig. 7, in terms of average communication and total time

for a pivot iteration. We observe that in both plots of Fig. 7
the average communication times for all experiments are
the same, regardless of the number of rows m of the tableau
matrix. All communication times curves coincide almost

identically forming the bottom lines of the two plots. We
aJso observe that the curves from different matrix sizes are
linear functions of the size of the matrix of the LP problem.

In the second set of experiments we used a Maspar MP-
2 model, consisting of a 128 x 128 grid of PEs with 64K13

memory per PE. Profiling experiments that we conducted
on MP-1 and MP-2 models indicate that a PE in MP-2 is
about 2.4 times faster than a PE in MP-1, in terms of double
precision floating point arithmetic, and without considering

any communication. The MP-2 machine we used has 4 times
as much PEs and memory as the MP-1 model used in the

first set of our experiments. Specifically, we experimented
with LP problem with 256, 512, 1024, 2048, 3072, 4096, and

o lIMOO 200CII 30000 4(MOO 50000 60000
Number of Columns

Figure 9: The attained speed-ups versus number of columns
in tableaux X, with 64, 256, 512, 1024, 2048, 3072, and 4096
rows, on MP1

5120 rows. Fig. 8 reports the timing measurements from the

MP-2 machine, in terms of the average total time and com-

munication time for each pivot iteration. As in the exper-

iments wit h the MP- 1 we observe that the communication
times curves all coincide forming the bottom curve in plot.

We may now relate the asymptotic analysis times (9, 10,

11) to the timing measurements from the MP-1 and MP-2
experiments. We let y = & logz nR, ~ = l/(nrtnc) and we

obtain the communication ~ime cost function T.~~~ (m, n),

and the total time cost function Tto~a[ (m, n), for each itera-
tion,

.Omm(m, n) = e(w)+ @(log2 nc),T (17)

!f~o~a~(m, n) = @(((n+ 7)rt) + El(logz rzc). (18)

()TCO~~ m, n is a linear function of the number of columns
n, which explains the reason the communication time curves

from experiments with different number of rows m all coin-
cide on one curve in the plots. The total time T~o~al(m, n)
for each experiment set with the same number of rows m
becomes a linear function only of n. This explains the rea-
son the curve of the average total time per iteration in each
experiment set is a straight line.

Fig. 9 shows the speedup of the SIMD simplex on the
MP-1 machine. When the number of rows is small, e.g.., less
than 256, the speedups are moderate. For LP problems with
more than 512 rows the speedups curves increase sharply.

The maximum speedup attained is around 120 times. Fig.
10 shows the speedup of the SIMD simplex on the MP-2

machine. We may see that even for relatively small prob-
lems with 1, 024x 20,000 matrices the speedup can reach or
exceed one thousand times. For problems of approximately
2,048 x 11,000 matrix the speedup exceeds twelve hundred
times. We note that the speedup increases as the communi-
cation to total time ratio decreases,

One may directly observe the scaling that the algorithm
achieves when it executes on MP-2 vs.an MP- 1 by comparing
Fig’s 9 and 10. On the MP-2 the algorithm runs slightly
more than ten times faster than on an MP-1. The MP-2’s
PE array is four times bigger than the MP-1 ‘s, whereas,
each MP-2 PE is approximately 2.4 times faster than an

MP-I PE in terms of double-precision arithmetic. It is clear
that having four times more PEs contributes directly to the

improvement in the running time.
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Figure 10: The attained speed-ups versus number of
columns in tableau X, with 256, 512, 1024, 2048, 3072, and
4096 rows, on MP2

4 Conclusions

In this paper we presented an efficient parallel simplex al-
gorithm based on the Steepest-Edge tableau method. The
algorithm balances the load of the compute intensive part

of pivots by splitting the tableau matrix into a rectangu-
lar grid of submatrices and assigning them to the individ-

ual PEs. In contrast to simplex parallelizations reported so

far, we pay special attention to the pivot selection, utilizing

the Steepest-Edge method. From our computational expe~
rience this method guides simplex to optimal solution in

much fewer pivot steps compared to other methods, includ-
ing Dantzig’s rule. The Steepest-Edge method requires many
globaJ reduction operations at each step but it can be imple-
mented very efficiently on S1MD machines with pipelined,
mesh interconnection network, e.g,, the PasPar’s MP-1 and
MP-2 models.

The success of the proposed massively parallel Simplex
algorithm is attributed to the following facts: (i) the par-
tial data replication eliminates unnecessary communication

overhead by breaking data dependencies among PEs, (ii) the
scaJable nature of the steepest-edge pivot selection aJgorithrn

allows all PEs to search for a new candidate pivot column in
parallel, (iii) “global” functions, such as minima, maxima,

etc., on distributed data, can be computed very efficiently
in time @(logz (nR x nC )) on the pipelined, mesh connected
MP-I and MP-2 models, (iv) the compute-intensive pivot
computation portion of the algorithm utilizes all the avail-
able processing elements simultaneously, and (v) the selec-
tive broadcasts before each pivot iteration utilize naturally
the geometry of the torus mesh inter-PE communications
network yielding very high communication bandwidth.
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